DOING Math with aCAS
By Lin McMullin

For the USACAS Conference June 16, 2007

| got started using a CAS with several classes of Algékand Geometry students when
the TI-92 first came out. That certainly doesn’t make meefitst to use a CAS. But since
retiring from teaching high school | find myself doing mone anore math with a CAS. |
have a math problem; | pick up my CAS (either the V 200lanfEractive or Derive —
they all do plenty, all you need for high school anyway).

But | notice that | do things differently with a CAlgan | do without. That's what | want
to discuss with you today: How math is done differentiypwa CAS than by hand.

Let’s start with an example. This first example camene as a calculus problem, but |
later found that the calculus is not needed to solveimedne wrote that he spend his
spare time (while waiting for the dentist and such) grymprove that a cubic polynomial
is symmetric to its point of inflection. The pointiaflection is where the calculus came

in, but we can lose the calculus by rephrasing the questio

Example 1: Show that any cubic polynomial has a pfinbtational symmetry.

SLIDES 2, 3and CAS Demo
Extensions:
1. Translate to origin, and show it's an odd function.
2. The point of symmetry is the point of inflection of tip@aph without calculus.

What's different here? What's the same?

(A few years ago | coined the word “algemetic” to medl the symbolic manipulation,
such as solving equations and simplifying the results, shkahecessary part of doing any
algebra problem, but isn’t really part of the mathematigslved [1]. That's what we’ve
skipped here by using a CAS. | will use the term here.algemetic is all the stuff
between the input and output on the second line.)

© Lin McMullin, 2007 All Rights Reserved. Page 1 of 15



» Thealgemetic is long and complicated — not necessarily difficult —tledious for
sure.

* The mathematical ideas — the idea of symmetry and hewpressed in an
equation — is the same and not likely to change.

» This problem is too difficult to assign to an Algebra Zsland expect most to get
it right by hand; using a CAS they can do the math assggpto the algemetic.

* Finally, | think this is a nice problem, especially witle textensions. I'll talk

more about good CAS problems later.

Example 2: Adapt to common situations — by doing the problémssathe same way.
Demonstrate entry of distance formula
SLIDE 4

Beginning analytic geometry uses about 5 formulas to goltsima lot of mathematics.

* Slope
* Midpoint
» Distance

* The equation of a line (point — slope form)
* The angle between to lines given their slope.

Each of these can be automated for your CAS.

The slide shows how to enter these and store thenfuboction (actually a one-line

program) in a CAS for future use. In each case, thetpaie(a,b) and(c d)

Example 2&8LIDES 5 and CAS Demo [2]

Perpendicular bisector theorem: Investigate the sdt pbmts in a plane equidistant
from two given points. Given (6,1) and (-5,7) find

a. Equation of points equidistant from them

b. Equation of the line between them

c. Intersection ofa. and b

d. Midpoint of line
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Example 2bSLIDE 6 and CAS Demo

Example 3: Graph the locus of points in a plane suahthie difference of the distances
from (-2, 3) and (4, -1) is 3

Cubic symmetry revisited -- Use the midpoint formula

What's different here? What's the same?
* The problems are all standard analytic geometry problems
» As with the cubic, the key was to write the correct equair equations — just as
one would do on paper — only now we can let the CAS sbbksm.
* The answers can be quite complicated, but that doesthieba CAS — even if
graphing.
The analytic geometry examples really did things withA& @he same way as you would
do them without a CAS — use the distance formula, wh#ezquation of a line, find the

intersection of two lines. Same math, different tools.

The next example uses the new tools to bypass theabiditgies.

Example 3: Adapt to common situations — by doing the problewsamd different ways.
Example 3a Trigonometry, Solve the triangles:

SLIDES 7, 8 and 9 and CAS Demo [3]

Example 3a (Include if there is time)
SSS. Sides are 4.5, 6 and 8. Find angle opposite the side of 6

A

(4.5co9 ,4.5sid)

45 6

\/(4.50039— § +( 4.5si8- ¥ =
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Example 3b: SSA: Angle 37.8 degrees, Side 8.75, next side 6 (or 2 or 10)
(8.75c0 37.9 ,8.755[n 378

8.75 6

37.8

v

+«—(c,0)0—
\/(8.75cos( 37.9-c) +( 8.75s[n 37)p- )=

Or let the distance be 2 or 10

Notice how quickly one can demonstrate the “ambiguous €ases

Example 3c:
ASA: Angle 43.5 degrees, side 15; angle 50.7 degrees

Slide 10 \

23.5 acog 43.5) beog 50.7) 50.

15
acos( 43.5)+b coé 501’)’: ]

asin(43.5) =b sir{ 50.7)

What's different here? What's the same?

* The Laws of Sines and Cosines were not used -ofde Way is actually
more complicated tbearn, use andteach.
» The approach is easier to learn, teach and usehbdraws of Sines and

Cosines
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* The distance formula and Right triangle trigonometag all that was used

here — extended to the coordinate system.

* The algemetic is more complicated with this approachabuttefore the CAS

can handle the algemetic. (Solving a quadratic eventhatiquadratic

formula is not easy here; that's why the Laws of Sized Cosines was

invented.)

* The “ambiguous case” become obvious (or is the biguous)

Example 4: A new problem done with a CAS.

SLIDES 10 and 11 and CAS Demo [4]

a
A third example: The Trapezoid A A
Problem. A X
A trapezoid with base 1 & and base 2 = A A
h=-x
b. Draw a segment that is parallel to the Y
bases and divides the trapezoid's area A b

into Al and A2. Represent the length of the segmemring ofa andb if A1 = A2. [2]

What's different here? What's the same?

* This is an example of “Go for the equations.”

* There are other approaches to this problem involving ptiopsrthat may be

considered more “elegant.”

* More “elegant” because here we just plowed through ahthéiobvious thing,

but what’s wrong with that?
* The solutions to the equation had to be interpreted andsiadd;

accepted.

not just

* Some additional simplifying at the end is helpful, so ae'tqust blindly depend

on the CAS.
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Example 5SLIDES 12 and 13, Geometry Expressions Demo, CAS Demo [5]
Altitudes in a right triangle

This is a problem | first saw in playing wieometry Expressions a new piece of

software that allows you to do complicated algebigelometric situations.

DEM O Geometry Expressions

| am going to do this problem the “hard way” to illustrateAS technique that is useful,
but not at all helpful when working by hand. I'll show yaw easier way at the later, but |

did it the hard way first.

You are probably familiar with the theorems concernirggahitude to the hypotenuse of

a right triangle. This is related to them.

| want to investigate the successive perpendiculars toyhatenuses of the smaller

triangles that are formed when a new perpendicul@maian.

SLIDE 13 and CAS Demo

C

E/

G
| b
h, |h
h, [N

B A

H F D

What's different here? What's the same?

* In this problem we substituted successively more comptiaatpressions into a
formula. By hand that doesn’t work well at all. By SA&’s not a problem.
* We can just plow through

* Making the algemetic harder is a natural way to do this/eufhave a CAS
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» While this approach makes the CAS look good it is certaoiyhe easy way to
do this problem. Insight still helpsShow the easy way.

SLIDE 14 How isDOING M ath different with a CAS?

» CAS removes the necessity to do algemetic, so wearaseatrate on the
mathematics(All examples)

* Knowing how to use the CAS allows you to improve the @&&dding routines
you need to do standard problems the “usual” Wayalytic geometry and Trig
examples)

* New approaches for doing problems appear once you stapimgpabout the
algemetic(Triangle solving)

* ‘Go for the equation’ — since the CAS can solve (irsetbform or not) almost
any equation, you needn’t worry about how difficult itdssolve.(All except
altitudes)

* A CAS will simplify just about any expression so we ddrave to avoid
complicated expressions — in fact we can complicat wie have, if that makes
the flow of work easier(Altitudes)

* One still needs to know the mathematics to do the sardpo interpret the

answers(All examples)

SLIDE 15 Implications for teachin@omments on these points below:

Good CAS use is a new skill, not just a new tool thadesits must be taught and
encouraged to learn.

To do this we will need

* A willingness to accept new ways of doing problems
* A willingness to accept showing a different kind of work
* A change in the meaning of “simplify.”

» A good source of (better) problems for students torgite
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Commentson points above:

A willingness to accept new ways of doing problems:
* Not just the “new” CAS, but a different style.
» Just as computations with logarithms have left the cuuarncwther topics
may go as wellE.g.: Quadratic formula, Law of Sines and Cosines

* Other ways will be used much moteg.: the distance formula

A willingness to accept showing a different kind of work

* Why do we want kids to “show work”? Answer: So that theg we can find
the algebra (algemetic) mistakes.

» “Show your work” or rather “show all you computationsosld become a
thing of the past

* Showing the flow of ideas, what you are thinking, andjilséfications for the
steps should be required. This mating and communication skill. Rule of 4

* The “work” may include a print out from the CAS

* And this is good.

* A change in the meaning of “simplify.”

“Simplify your answer” or just “Simplify” problems am@gray area.
Students need to know that things simplify: The CAS siitiplify, but

students should understand why, sd$0 is returned a5v/2,

» Students will need practice to with simplifying.

e Students need to understand why and how thingdligymp

» Students need to know that the CAS simplified esgiosn may not be the best
simplified form (Trapezoid problem)

* But they don't need to be good at simplifying.
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A good source of (better) problems for students torgite

* Many of the same problems will remain, but how theydanee will change.

* Because they will be able to do more difficult problestadents will need to
be good at reading, interpreting, and setting—up problems

» “Story” problems are not going away, but we maybe cae hatter “stories”

* This seems to me to be one of the big things that needs~wanking up

with good new problems and styles of problems.

Thank you for coming and forgive me for preaching tocthair, but then you are the
choir. 1 think the biggest thing we can do at this tim® isound up a lot more converts.

Q&A

References

[1] ] Algemetic The Mathematics Teacher , February 2001, p. 83 —84. or
http://www.linmcmullin.net/PDF Files/Algemetic.pdf

[2] Analytic Geometry examples — see below.
[3] Triangle Solving examples — see below.
[4] Trapezoid — see below

[5] Altitudes in a right triangle — see below.

Most of these examples as well as other are at efyyskewww.LinMcMullin.net . Click
on “Resources” and then “CAS.”
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Example 2a: Analytic Geometry

Perpendicular bisector theorem: Investigate the sdt pbmts in a plane equidistant
from two given points. Given (6,1) and (-5,7) find

. Equation of points equidistant from them

f. Equation of the line between them

g. Intersection of a. and b

h. Midpoint of line

e

y = (11x/6) + 37/12

y = (-6x11) + 47/11

-7 -6 -5 -4 -3 - -1 1 2 3 4 5 6 7 8 9 10
_l__
2+
_3—_
Answers: -
1 Few Fow | Fuw FE FE™
11 37 - E Alasbra|Cale |Other |PramldfClean Up
a y=—x+—
6 12 Beolueldizst(6, 1, x, ) =dizsti{-5,7,x,ul, b
D 22w +dT
gz
. _ _E-u
b. y:—EX+47 mlineZptid, 1, -5.7) 4r7-11 11
11 11 msolvelar11 - SFE =ZEETIT ] w-r
" 4711 - Gl'lx [2=1-2 4
1
C. (5,4) ®nidptit, 1, -5, 7) 102 43
midpt<{6.1,°5.7>
[FATH RAD AUTO FUNC E7%0
1
d. (£,4)
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Example 2b: Conic Sections

What is the equation of the locus of points such treatifierence of the distance from
(4,-1)to (-2, 3)is 3?

[‘Fi T Fer TrsvT r-wT FE T FE™ T]
- E Algebra|Calc|Other|Prgmld|Clean Up

moolueldistix,u, 4, " 1) -distix,q, 2,30 =3

CzfaslaxZogoas 1)z (24x-17) B -[3-]43-[4-><2—8-><+ 11) - 2-(24-% - 177)
5= 13 or e E 14
w4, 1 —distix, gy, "2 _33=3 u> |

HMAIN ERD AUTO FUNMC 1/%0

Copy and past both solution to the Equation editor and graph

HMAIN ERD AUTO FUNC

Example 3 Triangle solving

I’Fi T Fer Trsz Fu T FE ]’ FE™
- E AlaebralCalc|0ther |PramI0|Clean Llpm
mzolve(dist(4.5 - cos(8), 4.5 -5in(@), 3, AN =6,60| 8 >0 and &< 15C

B =d47,9222|
Beolueldist(8. 75 - cos37.80, 8.70 2in(37. 80, c, D=6, c)
c=4,2233 or o =9.6044|
Booluyeldist8. FS cos(37. 80, 8. 7S sinl 37 .80, 0, M =2, 2]
falze|
®zolueldist(8.FS cosi37. 80, .79 - sin(37.80, o, 0 = 18, )
c=-1.59265 or c=15.3542

HMAIW DEG AUTO FUMC 4/z0

I’Fi T Fer Trsz Fyw T FE ]’ FE™
TE AlgebralCalc|0ther|PramI0|Clean Up

Bonluela-cos(d3.0) + b cos(a0.71 =15 and a-sind3.5)=b-cos(S0.7), £a bX
a=10.6102 and b=11.5311

|EJ].UE Ca¥cos{43_ 5)+h¥cas (G0 P)..
FA

1N DEG AUTO FUMC 1/30
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Example 4: The Trapezoid Problem.

A trapezoid with base 1 = a, and base 2 = b. Draw a segment that is parallel to the bases and
divides the trapezoid's area A into A1 and A2. Represent the length of the segment in terms of a
and b if A1 = A2.

(Suggested by Dr. Jing, St. Anthony High School, Long Beach, CA)
My solution:

Let 0 <a<c<bh, A=area of original trapezoid, and let h = height of the original trapezoid (bases
a and b) and let x = height of trapezoid with bases a and ¢

a
A A
h c v
A
\4 Y
b
Then equating the areas gives:
A=A
A=A
or
3(a+c)x=13(a+b)h

s(are)x=4(cb) (-

This is not an easy system of equation to solveand. The only reason you can solve it
is thath can be anything (it will drop out of the compubadi but that is not obvious. $0
andx are the only real “unknowns.”

Solving this system far andx with a CAS gives
J2(a+b?) [z ep?
c= =
2 2

2a-,/2(a’ +b?) h—(c_ajh

- 2(a-b) “{b-a

! Assume you know the height of the original trapezti may be any real number. Since
his a factor in all the area formulas it cancel§ but we need to pretend we know it.

© Lin McMullin, 2007 All Rights Reserved. Page 12 of 15



Example 5: Altitudes in a Right Triangle

We are givenAABC a right triangle with sides @fandb and a right angle &. CD is
drawn perpendicular to the hypotenusAABC , so thaCD [ AB.

1. Expres<D in terms ofa andb

AB=+a?+b?

Since AABC ~ ACBD

o _AC
BC AB

CcO_ b

a [a2+b2
CD :i—hl

/a2+b2 -
This is a formula for finding the altitude to the hypotenofsany right triangle if you

know the legsa andb. | will store this number tb;

| want to investigate the perpendiculars to the hypoterafdbe smaller triangles that

are formed when a new perpendicular is drawn.
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H

D

2. Now drawDE 0 AC as shown above. Find the lengthDE in terms ofa andb.

We can do this using the formula we just found, but firsted to find the length

BD =p;. This is a simple Pythagorean Theorem computatidrsttte the answer to

P1.

Finally, I'll use the formula found in step 1, to fikdD = h,, the altitude to the
hypotenuse of righDABCD with legs ofh; andp;. and the CAS does the rest.

hz_ 2 2 _\/ 2 2
JRZ+h? Jal+b
[‘Fi T Fer TrsvT r-wT FE T FE™ T]
- E Al gebra|Calc|Other|Prgmld|Clean Up
ER

a-b
af+bZ

pl-hl

124012

+hl

w[aZ-n1Zsp1

g

az+b
22
az+b
a-lal-b
a2+ b2

g

HMAIN

3. Continue this process drawiB§ [ AB,FG [0 AC,GH [ AB etc., as shown
above. Find the length of each segnieiRt FG, GH, etc. always in terms @fandb,

until a pattern emerges.
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a'b

The pattern ish, =

The easy way:

[‘Fi T Fer TrsvT r-wT FE T FE™ T]
- E Algebra|Calc|Other|Prgmld|Clean Up

. Fhe e
Zap2 22
|53
a
“lp1Z- 22+ p2 pee
a“+hb
. I
P v o s h3 a h3x2
Ihz2 + 22 (22 +bE]

h2¥p2 /A JCh2*2+p2 25 -+hi|

HMAIN ERD AUTO FUNMC B/%0

Note thatOB OOJACD OOCDE OODEF OOEFG O---

Then:
h, =bcosB
h, =b(cosB)’
h, =b(cosB)’

h, =b(cosB)

a'b

b a
JaZ+b?

jﬂ:(

n/2
al +b2)
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